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O f Abstract. We develop further the techniques presented in [17] to study 

bimodule categories over the representation categories of arbitrary finite- 
dimensional Hopf algebras. We compute the Brauer-Picard group of 
equivalence classes of exact invertible bimodule categories over the rep- 
resentation categories of a certain large family of pointed non-semisimple 
Hopf algebras, the so called supergroup algebras 1 . To obtain this result 
we first give a classification of equivalence classes of exact indecompos- 
able bimodule categories over such Hopf algebras. 
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1. Introduction 

The Brauer-Picard group BrPic(C) of a finite tensor category C introduced 
in [9], is the group of equivalence classes of invertible exact C-bimodule 
categories. This group is a fundamental piece of information needed to 
compute extensions of a given tensor category by a finite group. Also it has 
a close relation to certain structures appearing in mathematical physics, see 
for example [7J, [2]. 
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In [9] the authors compute the Brauer-Picard group of the representa- 
tion category of an arbitrary finite Abelian group G. Given two semisim- 
ple bimodule categories At,Af over Rep(G) the authors compute the de- 
composition into indecomposable bimodule categories of the tensor product 
Ai KlRcp(G') -A/"- Using this result and some other techniques they compute 
BrPic(Rep(G)). The same methods appear to be unsuccessful for an arbi- 
trary finite-dimensional Hopf algebra H. The problem of explicitly given 
a decomposition of the tensor product Ai KlR ep (#) TV into indecomposable 
bimodule categories for arbitrary bimodule categories Ai, AI looks compli- 
cated. 

Using Hopf theoretic techniques this problem was partially solved in [T7] 
by considering the tensor product Ai K1r C p(h) N only in the case when both 
bimodule categories Ai, Af are invertible. 

The main result of this paper is the computation of the Brauer-Picard 
group of the representation category of the so called supergroup algebras. 

Let G be a finite group, u be an element of order 2 in the center of G 
and V be a finite-dimensional G-module such that u acts by —1 in V. The 
vector space V is a Yetter-Drinfeld module over G by declaring the coaction 
5 : V -> kG<3 k V, 5(v) = u®v, v E V. The Nichols algebra of V is the 
exterior algebra A(V) and the bosonization A(V)#kG is called a supergroup 
algebra pQ. We shall denote this Hopf algebra by AiV, u, G). This family of 
Hopf algebras played a central role in the classification of finite-dimensional 
triangular Hopf algebras [8] . 

If H is a finite-dimensional Hopf algebra then left module categories over 
Rep(-ff) are parametrized by equivalence classes of certain .ff-comodule al- 
gebras. Since bimodule categories over Rep(iT) are the same as left mod- 
ule categories over the Deligne's tensor [5] product Rep(H) M Rep(i^) op = 
Rep(HiSi k H cop ), then bimodule categories over Rep(if) are parametrized 
by equivalence classes of certain left .f/'®k.ff' cop -comodule algebras. If A4 
and are invertible exact Rep(i?)-bimodule categories the tensor product 
M. KlRep(_ff) N is an invertible exact Rep(-ff)-bimodule category, therefore 
indecomposable. In Section |4] we collect all these results and we recall 
results from [17] allowing us to give a precise description of the category 
M ® Rep{H ) AT. 

If H is a coradically graded Hopf algebra then H^j & H cop is also coradically 
graded, and indecomposable exact left module categories over Rep(H®kH cop ) 
are parametrized by certain equivalence classes of deformations of coideal 
subalgebras in H®kH cop . This results are contained in Section [5l 

If M. is an exact indecomposable bimodule category over Rep(^4(V, u, G)) 
then there exists a certain left A(V, u, G)®$ L A(V, u, G) cop -comodule algebra 
K such that Ai is equivalent to the category of finite-dimensional left K- 
modules. Since A(V, u, G) is a coradically graded Hopf algebra then K is 
a certain deformation of a coideal subalgebra of A(V, u, G)<gikA(V, u, G) cop . 
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In Section [6] we explicitly describe coideal subalgebras in the tensor product 
A(V, u, G)®tA(V, u, G) cop . Using these results, in Section [71 we prove that 
if M. is an exact indecomposable left module category over the category 
Rep(A(V, u, G)® k A(V, u, G) cop ) there exists a 6-tuple (W 1 , W 2 , W 3 ,/3, F, ip) 
where 

(i) F C G x G is a subgroup, ip G Z 2 (F, k x ) is a 2-cocycle, 

(i) W 1 ,W 2 W 3 <^V @V are subspaces such that W 3 f\W l @W 2 = 
0, W 3 ny©0=0 = W 3 n © V, and all subspaces are invariant 
under the action of F, 

(ii) (3 : @ 3 =l W l x (B 3 =1 W l — > k is a bilinear form stable under the action 
of F, such that 

/3(w 1 ,w 2 ) = -f3(w 2 ,wi), /3(wi,w 3 ) = (3(w 3 ,wi), /3(w 2 ,w 3 ) = -f3(w 3 ,w 2 ), 

for all Wi € W l , i = 1,2,3, and (3 restricted to W l x W l is symmetric 
for any i = 1,2,3. If (u, u) £ F then f3 restricted to W 1 x W 2 is 
null, 

such that Ad is module equivalent to the category of finite-dimensional left 
K{W l , W 2 , W 3 ,(3, F, VO-modules, where K{W l , W 2 , W 3 ,(3, F, jp) is a certain 
left comodule algebra over A(V, n, G)<S>kA(V, u, G) cop . We also describe 
equivalence classes of such module categories. 

Using these results, in Section El we prove our main result: 

Theorem 1.1. Assume G is Abelian. The group BrPic(THep(A(V,u,G))) 
is isomorphic to the group of (certain equivalence classes of) pairs (T,a) 
where 

• a G 0(G (BG), see Definition [8l\ 

• T : V © V* — > V © V* is a linear isomorphism such that 

T(v,f) = x' 1 ■ T(y -v,y- /), 

T 1 (0,/) = 0, T 2 (0,f)(T 1 (v,0)) = f(v), 

for all (vj) G UffiU*, (x,y) G U a . HereT(vJ) = (T^v, f),T 2 (v, /)) 
for all f G V*,v G V. 

The product of two such triples (T,a), (T',a ! ) is 

(T,a) • (T',a') = {ToT',aa'). 

As expected, this group is not finite, as is the case for fusion cate- 
gories. The main difficulty to prove this theorem relies on finding which 
of the comodule algebras K{W l , W 2 , W 3 , /3, F, ip) give invertible bimod- 
ule categories and give an explicit description of the product of the group 
BrPic(Rep(^4(U, n, G))). Most of Section [8] is dedicated to this task. 

It is expected that this result led us to construct interesting new families 
of finite non-semisimple tensor categories that are extensions by a finite 
group of the category Kep(A(V, u, G)). 
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2. Notation and preliminaries 

We shall work over an algebraically closed field k of characteristic 0. All 
vector spaces and algebras are considered over k. We denote vect^ the cate- 
gory of finite-dimensional k- vector spaces. If A is an algebra we shall denote 
by a-M. (A4a ) the category of finite-dimensional left (right) A-modules. 

If V is a vector space any bilinear form (3 : V x V — > k determines a linear 
morphism (3 : V — > V* 

(2.1) P(v)(w) = P(v,w), for all v,w€V. 

Let M. be an Abelian category. A full subcategory Af of AA is called a Serre 
subcategory if 

• every object in AA. isomorphic to an object in Af is in Af, 

• every .M-quotient and every A4-subobject of an object in Af lies in 

• every .M-extension of objects in Af lies in Af. 

It is well-known that if F : A4 — > A4 is an exact functor then the full 
subcategory of objects N € A4 such that F(N) = is a Serre subcategory. 
This fact will be used without further mention. 

2.1. Finite tensor categories. A tensor category over k is a k-linear 
Abelian rigid monoidal category. Hereafter all tensor categories will be as- 
sumed to be over a field k. A finite category is an Abelian k-linear category 
such that it has only a finite number of isomorphism classes of simple ob- 
jects, Horn spaces are finite-dimensional k-vector spaces, all objects have 
finite lenght and every simple object has a projective cover. A finite tensor 
category [10] is a tensor category with finite underlying Abelian category 
such that the unit object is simple. All functors will be assumed to be 
k-linear and all categories will be finite. 

2.2. Twisting comodule algebras. Let H be a Hopf algebra. Let us 
recall that a Hopf 2-cocycle for H is a map a : H®^H —> k, invertible with 
respect to convolution, such that 

(2.2) o-(x {1) ,y {1) )a(x {2 )y(2),z) = <r(y (1 ), z {1) )a(x, y (2 )Z(2)), 

(2.3) a(x,l) = e(x) = a(l,x), 

for all x,y,z G H. Using this cocycle there is a new Hopf algebra structure 
constructed over the same coalgebra H with the product described by 

(2.4) x. [a] y = cr(x(i ) ,y(i ) )cr _1 (x(3 ) ,y ( 3 ) ) £(2)2/(2), x,y e H. 
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This new Hopf algebra is denoted by H^. Iicr:H&)H—}his & Hopf 
2-cocycle and A is a left if-comodule algebra, then we can define a new 
product in A by 

(2.5) a. a b = cr(a(_i), 6(_i)) a (0 ).6( ), 

a,b £ A. We shall denote by A a this new algebra. 

Lemma 2.1. The algebra A a is a left H^-comodule algebra. □ 
3. Representations of finite tensor categories 

Let C be a tensor category. For the definition and basic notions of left 
and right exact module categories we refer to [TOj, [19] . 

In this paper we only consider module categories that are finite categories. 
A module functor between left C-module categories Ai and Ai' over a tensor 
category C is a pair (T, c), where T : Ai — > 7W' is a functor and cx,m : 
T(Xcg)M) — > X®T(Af) is a family of natural isomorphism such that for any 
X,YeC,MeM: 

(3.1) (id x <S> CY,M) c X,Y®M T ( m X,Y,M) = mx,Y,T(M) CX®Y,M 

(3.2) £t(m) ci,m = T(£ M )- 

The direct sum of two module categories Ai\ and M2 over a tensor cat- 
egory C is the k-linear category M\ x M2 with coordinate-wise module 
structure. A module category is indecomposable if it is not equivalent to a 
direct sum of two non trivial module categories. Any exact module category 
is equivalent to a direct sum of indecomposable exact module categories, see 

EE]. 

Definition 3.1. [21 [11] Let Ai be a left C-module category. A submodule 
category of M. is a Serre subcategory stable under the action of C. 

The next Lemma is a straightforward consequence of the definitions. 

Lemma 3.2. 1. Let AA be an exact C-module category and Af C At 
a submodule category. If Ai = ©igjA^j is a decomposition into 
indecomposable module categories then there is a subset J C I such 
that Af = ®i(zjMi. 
2. If Ai is an indecomposable exact C-module category and (F,c) : Af — > 
Ai is a C-module functor such that F is full and faithful, and the 
subcategory F(Af) is Serre then F is an equivalence. 

□ 

3.1. Bimodule categories. Let C,V be tensor categories. For the defini- 
tion of a (C,P)- bimodule category we refer to [15] . [9]. A (C, P)-bimodule 
category is the same as left C M D op -module category. Here M denotes 
Deligne's tensor product of Abelian categories [5]. 

A (C, 2?)-bimodule category is decomposable if it is the direct sum of 
two non-trivial (C, P)-bimodule categories. A (C, D)-bimodule category is 
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indecomposable if it is not decomposable. A (C, £>)-bimodule category is 
exact if it is exact as a left C M D op -module category. 

If AA is a right C-module category then AA op denotes the opposite Abelian 
category with left C action C x AA op -)• X op , (M,X) i-> M®X* and asso- 
ciativity isomorphisms rn^ Y m = m y* x* M f° r au ^ £ C, M G .M. Sim- 
ilarly if .M is a left C-module category. If AA is a (C, "D)-bimodule category 
then M. op is a (T>, C)-bimodule category. See [131 Prop. 2.15]. 

If AA,Af are (C, 7J>)-bimodule categories, a bimodule functor is the same as 
a module functor of CKl£> op -module categories, that is a functor F : AA — > N 
such that (F, c) : AA — > Af is a functor of left C-module categories, also 
(-F, d) : AA —¥ Af is a functor of right 2?-module categories and 

(3.3) (id X®d M ,Y) c X,M® r Y F {lX,M,Y) =l/X,F(M),Y(cX,M® id Y)dx® l M,Yi 

for all M EM, X eC,Y eV. 

A (C, P)-bimodule category A4 is called invertible [91 Prop. 4.2] if there 
are equivalences of bimodule categories 

A4 op m c AA ~ D, MS© .M op ~ C. 

Lemma 3.3. [9j Corollary 4.4] If AA is an invertible (C,T>) -bimodule cate- 
gory then it is indecomposable as a bimodule category. □ 

Lemma 3.4. [9, Prop 4.2] Let AA be an exact (C,T>) -bimodule category. The 
following statements are equivalent. 

1. AA is an invertible. 

2. There exists a T>-bimodule equivalence AA op Mq AA ~ T> . 

3. There exists a C-bimodule equivalence AA Mx> Ai op ~ C. 

4. The functor R : £> op ->• Fun c (A4,X), i?(X)(M) = M®X, /or aZZ 
l£P, M£JM, is an equivalence of tensor categories. 

2. TTie functor L : C -> Funx>(.A/f , X), L(Y)(M) = Y®M ; /or a// 
Y" € C, Af € A4, is an equivalence of tensor categories. 

Proof. The proof of [9, Prop 4.2] extends mutatis mutandis to the non- 
semisimple case using results from [10] . □ 

3.2. Module categories over Hopf algebras. Let H be a finite-dimensional 
Hopf algebra and let (A, A) be a left f/-comodule algebra. The category A AA 
is a representation of Rep (if). The action 

® : Rep(iT) x A AA -> A AA, V®M = V® k M, 

for all V G Rep(if), M G A A4. The left ^-module structure on y® k M is 
given by 

a ■ (v <S>m) = O(-i) • w<8)G(o) • »n, 
for all a € A, v G V, m G M. Here A : A — > H^tA, A(a) = a(_i)<8>a(o). 
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If A is a //-comodule algebra via A : A — > H<S>kA, we shall say that a 
(right) ideal J is //-costable if A( J) C We shall say that A is (right) 

//-simple, if there is no nontrivial (right) ideal //-costable in A. When A is 
right //-simple then the category j^M is exact. 

Theorem 3.5. [3j Theorem 3.3] Let A4 be an exact indecomposable module 
category over Hep(H) then there exists a left H-comodule algebra A right 
H -simple with trivial coinvariants such that Ai ~ ^A4 as Hep(H) -modules. 

□ 

Two //-comodule algebras A, A' are equivariantly Morita equivalent if 
the module categories a>, j^M. are equivalent. 

4. BlMODULE CATEGORIES OVER HOPF ALGEBRAS 

4.1. Tensor product of invertible bimodule categories. Let A,B be 

finite-dimensional Hopf algebras. A (Rep(-B), Rep(^4))-bimodule category is 
the same as a left Rep(-B(8']ky4- cop )-module category. This follows from the 
fact that Rep(^) op ~ Rep(^ cop ) and Rep( J B)KRep(A cop ) ~ Rep(B® k A cop ). 
Thus Theorem [33] implies that any exact indecomposable (Rep(-B), Rep(A))- 
bimodule category is equivalent to the category sA4 of finite-dimensional 
left S'-modules, where S is a finite-dimensional right B® k A cop -simple left 
S(g)kyl cop -comodule algebra. 

Since Rep(A) is canonically a Rep(A)-bimodule category then there ex- 
ists some right A(g)kA cop -simple left yl(8>k-<4 cop -comodule algebra A such that 
Rep(A) ~ as Rep(A)-bimodule categories. In [T7] we computed this 
comodule algebra. Let us recall this result. 

We denote by diag(A) the left -A®i£.A cop -comodule algebra with underly- 
ing algebra A and comodule structure: 

A : diag(A) -> A® k A cop ® k diag(A), A(a) = a^m^a^), 

for all a £ A. Thus the category a-M. is a Rep(A)-bimodule category. 

Lemma 4.1. 1. diag(A) is a right simple left A® k A cop -comodule al- 
gebra and diag(A) coA ^ AC ° P = kl. 
2. There is an equivalence of Kep(A) -bimodule categories 

AM ~ diag{A)M. 

Proof. 1. Let ^ I C A be a right ideal A-costable. Then for any a & I, 
a (i) < X ,a (3)® a (2) ^ Atgi^Atgil which implies that on)®a(2) € A®^I. Thus / is 
a right ideal stable under the coaction, then I = A. 

2. The identity functor Id : aM. — > diag(A)-^ is an equivalence of Rep(A)- 
bimodule categories. □ 

Let us recall some constructions and results obtained in [17] concerning 
the tensor product of bimodule categories over Hopf algebras. Set tta ■ 
A®B — > A, itb ■ A®B — > B the algebra maps defined by 

■KA{x®y) = e(y)x, Tr B (x®y) = e(x)y, 



8 



MOMBELLI 



for all x G A,y G -B. 

Let K be a right Bcgi^^-simple left £®A cop -comodule algebra and L a 
right yl<g>i? cop -simple left yl<g>.B cop -comodule algebra. Thus the category k-M 
is a (Rep(-B), Rep(A))-bimodule category and lM. is a (Rep(A), Rep(B))- 
bimodule category. 

The category JA(A, B,K, L) is the category ^Mj; of (K, L)-bimodules 
and left S-comodules such that the comodule structure is a bimodule mor- 
phism. See [TTJ Section 3]. It has a structure of (Rep(vl), Rep(^4))-bimodule 
category. Recall that L is the left .B(g>j4 cop -comodule algebra with opposite 
algebra structure L op and left B®A cop -comodule structure: 

(4.1) A : L -> A cop ® k B® k L, I ^ (S B 1 ®S A )(l i _ 1) )®l {0) , 

for alH € L. Also L is a right l?-comodule with comodule map given by 

(4.2) iH>i (0) ®7rB(i(-i)), 

for all / G L, and is a left S-comodule with comodule map given by 

(4.3) & ^ 7TB(fc(_l))®fc(0)> 

for all k & K. Using this structure we can form the cotensor product LObK. 
Define 

(4.4) A(/<g>A;) = 7r A (i(_i))®7rx(*!(_i))®i(o)®A! ( o), 

for all G LDflif. Then LDgK is a left A(g) k A cop -comodule algebra. See 
[171 Lemma 3.6]. 

In |17| we have presented the functors 

T : ld b kM -+M(A,B,K,L), Q : M(A, B, K,L) -> IDb ^ 

by J-(AT) = (L<g) k i^)® LDs ^^ for all A^ G L n B ^X and Q{M) = M coB for 
all M G ,M(A, 5, K, L). We recall that the left .B-comodule structure on 
F{N) is given by 5 : T(N) -> B® k T(N), 

(4.5) 5(/®fe(g)n) = vr B (A;(_ 1 ))5 _1 (7rB(^(-i)))(8)/(o)(X)A;( )(g)n, 

for all / G L, G if, n G N. 

This pair of functors were studied in [6], [3]. In the following theorem we 
summarize some results from |17| . 

Theorem 4.2. (a) There is a Rep(A) -bimodule equivalence: 
L M ® Rcp{B)K M~M(A,B,K,L). 

(b) J 7 and Q are Hep(A) -bimodule functors. 

(c) Assume that both bimodule categories l-M, k-M. are invertible and 
L® k K ~ C<8>k^n_B^, us right L\DbK -modules and left B-comodules. 
Here C is a certain left B-comodule. Then there is an equivalence 
of Rep(j4) -bimodule categories 

lu b kM ~ L M M Rcp(B) K M. 
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Proof. For the proof of (a) and (b) see [17] . 



(c). We shall prove that the functors J-, Q establish an equivalence of 
module categories. 

Let us prove that T{Q(M)) ~ M for all M G M(A,B,K,L). For any 
M G M(A, B, K, L) there is a projection 

{L® k K)® LnBK M coB ->M, KM{l®k®m) = (l®k) ■ m, 

for all Zigfc G L® k K, m G M coB . Define the functor $ : M(A,B,K,L) -> 
vectk, $(M) = ker(7TM)- The functor $ is a module functor. To see this it 
is enough to prove that the diagram 



F(Q(X®M)) 



id 



idx®TM 



is commutative. Then $ is exact. The full subcategory TV of M(A, B, K, L) 
consisting of objects M such that $(M) = is a submodule category. M 
is not the null category since kl^k = id, thus L®\K G N. Since both 
L-M, x-M are invertible the product lM Kl Rep( - B ) kM ~ M(A,B,K,L) is 
indecomposable. Hence A/" = .M(-A, B, K,~L). This implies that F(Q(M)) = 
M for all M G 5, K,L). Since L® k K ~ C^tLnsK, as right LU B K- 

modules and left l?-comodules the functor T is full and faithful, thus it is 
an equivalence of categories. □ 

Remark 4.3. In all examples the assumption L®\K ~ C^^L^bK in Theo- 
rem 22] (c) seems to be superfluous, although I do not know any counterex- 
ample. 



5. Graded comodule algebras over Hopf algebras 

From the discussion on Section 13.21 equivalence classes of indecomposable 
exact module categories over the representation categories of Hopf algebras 
are in correspondence with equivariant Morita equivalence classes of right 
simple comodule algebras. To study this class of algebras we developed 
a technique in [16] using the Loewy filtration and the associated graded 
algebra. We briefly recall all this notions. 

If H is a finite-dimensional Hopf algebra then Hq C Hi C • • • C H m = H 
will denote the coradical filtration. When Hq C H is a Hopf subalgebra then 
the associated graded algebra gr H is a coradically graded Hopf algebra. If 
(A, A) is a left //-comodule algebra, the coradical filtration on H induces a 
filtration on A, given by A n = X^ 1 (H n (E>kA) , n = 1, . . . ,m. This filtration 
is called the Loewy series on A. 
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Recall that if H = ©^Q-ff(i) is a coradically graded Hopf algebra, a left 
.ff-comodule algebra (A, A) is a graded comodule algebra, if it is graded as 
an algebra A = ©^ ^4(i) and for each < n < m 

in 

(5.1) A(i(n))C0ff(i)® k i(n-i). 

i=0 

A graded comodule algebra A = (B^ A(i) is Loewy- graded if the Loewy 
series is given by A n = ©f =0 ^(*) for any < n < m. 

If A is a left .ff-comodule algebra the associated graded algebra gr^4 
obtained from the Loewy filtration is a Loewy-graded left gr ii-comodule 
algebra. For more details see |16j . 

The following result will be needed later. 

Lemma 5.1. Let H = ®^L H(i) be a coradically graded Hopf algebra and 
(A, \a) a left H comodule with a grading A = ® 1 £ = qA(i) such that (|5.ip 
holds. If B C A is a subcomodule algebra and we set B{n) = B n A{n) then 

B = ®? =0 B(i). 

Proof. Let b G B, then b = YlT=o^i where bi G A(i). Let us prove that 
bi £ B for all i = 0, . . . ,m. Denote p : H -> H(0), ttj : A ->• ,4(j) the 
canonical projections. Observe that for any j = 0, . . . , m 

(p®TTj)\(b) = (p&d)X(bj). 

Since (e<g)id)(p®id)A(6j) = bj then = (e®id) (p®-Kj)\(b) G -B. □ 

5.1. Comodule algebras over coradically graded Hopf algebras. Let 

G be a finite group and iif = (B^qH (i) be a finite-dimensional coradically 
graded Hopf algebra where H (0) = kG is the coradical. 

Let (A, A) be a left .ff-comodule algebra right i?-simple with trivial coin- 
variants and with a grading A = ®^ A(z) making A a Loewy-graded left 
.ff-comodule algebra. Since A is right .ff-simple with trivial coinvariants 
then ^4(0) = k^F where F C G is a subgroup and t/> G Z 2 (F, k x ) is a 
2-cocycle. 

Set 7r : A — > A(0) the canonical projection and e : A(0) — > k the map 
given by e(e/) = 1 for all / G F. 

Remark 5.2. If tp is trivial then e : ^4(0) — > k is an algebra morphism. 

Proposition 5.3. Assume that ip is trivial and let (j) ■ A — >• H be the map 

defined by <p = (id #<8>e7r)A. Then 

(i) is an algebra morphism, 

(ii) <j) is a H-comodule map, and 
(hi) </> is injective. 
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Proof, (i). It follows since all maps in the definition of <f> are algebra mor- 
phisms. 

(ii) . Acj) = A(id#<8)e7r)A = (id#®id.ff<g)e7r)(A(g)id J 4)A. Using the coasso- 
ciativity of A we obtain that A<j) = (id#®0)A. 

(iii) . Let a G ker^. Assume that a / 0. Write a = Yln=o a w here 
a ( n ) £ A(n) and t < m. We can assume that oW / 0. Then X(a^ n ') G 

©JLo-ff(t)®k^("-0- Set A ( fl(n) ) = ESU 6 *.* where Ki = Ekxf®^' 1 and 

x n,i g c n,i G ^(- n _ 

Since / then 6 t , t ^ 0. Indeed, if b t , t = then A(oW) G ef~oiJ(i)®kA 
hence a'*) G ®*=g^4(i) = -<4t-i, which is imposible unless = 0. 

Also, A0(a) = 0, then (id#®id#®e7r)(id#®A)A(a) = which implies 
that 

t n 

^^^<^(id,MA(cI' ! ) = 

n=0 i=0 k 

The element of the above summation that belongs to H '{t)<S>^H (0)®k7l(0) 
must be equal to zero, hence a^'*®(id ff®e)A(cjj; ) = 0. Since we have that 
Ylk x k ®(id_ff®e)A(c fc ' ) = bt.t we get that b^t = which is a contradiction. 
Therefore a = 0. □ 

In another words, Proposition 15.31 implies that if A is a Loewy-graded 
right ii-simplc left comodule algebra with trivial coinvariants and ^4(0) is a 
Hopf subalgebra of H (0) then A is isomorphic to a left coideal subalgebra of 
H. The next step is to study what happens if A(0) is not a Hopf subalgebra 
of H(0). 

Let ip G Z 2 (G, k x ) be a 2-cocycle such that ^ |fxF= V ; - 

Lemma 5.4. There exists a Hopf 2-cocycle a : H®\FL — > k suc/i £/ia£ for 
any homogeneous elements x,y G H 



(5.2) a(x,y) 



ip{x,y), if x,y G #(0); 
0, otherwise. 

Proof. See p21 Lemma 4.1]. □ 
The following result is a straightforward consequence of Proposition [ 



Lemma 5.5. Let A be a Loewy-graded right H-simple left comodule al- 
gebra with trivial coinvariants and A(0) = k^F where F C G is a sub- 
group and -0 G Z 2 (F, k x ) is a 2-cocycle. Then, there exists a Hopf 2-cocycle 
a : H®^H — > k such that A a is isomorphic to a homogeneous left coideal 
subalgebra of as a left H^ -comodule algebras. □ 

Proof. From Lemma 15.41 there exists a Hopf 2-cocycle a : H&^H — > k such 
that a(x,y) = tp~ 1 (x,y) for all x,y G F. The comodule algebra A a is 
Loewy-graded and (A a )(0) = hF. Thus the Lemma follows from Proposition 

□ 
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6. Supergroup algebras and its coideal subalgebras 

We shall recall the definition of supergroup algebras [I], its Hopf algebra 
structure and we describe the tensor product of two such Hopf algebras. 
We compute also its homogeneous coideal subalgebras, a key ingredient to 
compute module categories. 

6.1. Finite supergroup algebras. Let G be a finite group, u £ G be a 
central element of order 2 and V a finite-dimensional G-module such that 
u ■ v = —v for all v £ V. The space V has a G-comodule structure 5 : V — > 
kG®kV given by S(v) = u®v, for all v £ V. This gives V structure of Yetter- 
Drinfeld module over hG. The Nichols algebra of V is the exterior algebra 
93(F) = A(V). The Hopf algebra obtained by bosonization A(V)#kG is 
called in [lj a finite supergroup algebra. We will denote this Hopf algebra by 
A(V, u, G). Hereafter we shall denote the element v#g simply by vg, for all 
v £ V, g £ G. 

The algebra A(V,u,G) is generated by elements v £V,g £ G subject to 
relations 

vw + wv = 0, gv = (g ■ v)g, for all v, w S V, g € G. 
The coproduct and antipode are determined by 

A(v) = v®l + u<8)V, A (g) = g®g, 
S(v) = -uv, S(g)=g~ 1 , 

for all v e V, g £ G. 

Lemma 6.1. There is a Hopf algebra isomorphism 

A(V,u,G) ~A{V,u,G) cop . 

Proof. Let <p : A(V, u, G) — > A(V, u, G) be the algebra map determined by 

<t>{v) = vu, 4>(g) = g, 

for all v £ V, g £ G. It follows by a direct computation that <j> is a Hopf 
algebra isomorphism between A(V,u,G) and A(V, u, G) cop . □ 

6.2. Tensor product of supergroup algebras. Let G\, G2 be finite groups 
and Ui £ Gi be central elements of order 2. For i = 1,2 let V{ be finite- 
dimensional Gj-modules, such that Ui acts in Vi as —1. We shall describe 
the tensor product Hopf algebra A(Vi, u±, Gi)®&A(V2, U2, G^)- From now 
on, we shall denote this Hopf algebra by -4.(Vi, Ui, U2, G\, G2). Let us 
give a presentation by generators and relations of this algebra. 

Set G = G\ x G2. Both vector spaces V\, V2 are G-modules by setting 

(g,h)-vi = g-vi, (g, h) ■ v 2 = h ■ v 2 , 

for all (g,h) £ G, £ Vi, i = 1,2. The algebra A(Vx, V2, u\, U2, Gi, G2) is 
generated by elements V\, V2, G subject to relations 

VlWl + WlVl = 0, ^2^2 + ^2^2 = 0, ViV 2 = V 2 Vi, 
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gvi = g ■ vig, gv 2 = g ■ v 2 g, 
for all g G G, V{ G V{, i = 1, 2. The Hopf algebra structure is determined by 

A(«i) = «i(8)l + (iti, l)(8)vi, A(« 2 ) = U2®1 + (1, u 2 )®V2, 

A(ffi,52) = (ffi, 52)^(51,52), 
for all (51, 02) (E G, Vi E V, i = 1, 2. 

We shall define a family of Hopf algebras that are cocycle deformations of 
tensor product of supergroup algebras. Let (Vi, V 2 , u±, u 2 , G\, G 2 ) be a data 
as above. Set V = V\ ®V 2 . Define H(Vi, V 2 , u 1} u 2 , G 1} G 2 ) = A{V)® k kG 
with product determined by 

vw + wv = 0, gv = (g ■ v)g, for any v, w G V\ @ V 2 , g 6 G, 

and coproduct determined by 

A(th) = vi<S>l + (m, l)<8wi, A(v 2 ) = v 2 ®l + (1, u 2 )®v 2 , 

for any t?j G Vi, i = 1, 2. 

Proposition 6.2. Lei Lf = ,A(Vi, P2, iti, it 2 , G\, G 2 ) and a : H®^H — > k 
a -Hop/ 2-cocyle coming from a 2-cocycle ip G Z 2 (G,k x ) as in Lemma \5.4\ 
Denote £ = ip((ui, 1), (1, u 2 ))^((l, u 2 ), (ui, l)) -1 - TTien 

(i) if£ = lwe have ffM ~ .4(^1, «i, « 2 , Gi, G 2 ) 

(ii) i/e = -l *ftenfrW~w(^ lj ^ 2 ,u 1 ,U2,Gi,G 2 ). 

Proof. Let u G Vi,w G V2 then 

(id ®A)A(u) = v(8)l(8)l + (ui, 1)<8w<8>1 + (ui, l)®(ui, 

(id <g»A)A(u;) = u>®1®1 + (1, u 2 )<8u;<8>l + (1, u 2 )®(l, u 2 )®w. 
Therefore, using (j2.4j) . it follows that for any t>i,wi G Vi, v 2 ,w 2 G V2 

«1 -[<t] ^1 + w l >] «1 = 0, 1>2 -[a] U>2 + W 2 -[a] t>2 = 0, 
Vl '[a] W 2 -£W 2 - [(7 ] Ul = 0. 

Also for any g G G, z = 1, 2 

5 >] ^l = ^(g, - [ct ] g = i/)((u 1 ,V),g)v 1 g, 

g >] v 2 = t/)((l,u 2 ),g)gv 2 , v 2 - [a] g = ^((1, u 2 ), g) v 2 g. 

Hence 

g >] v -[ a ] cT 1 = gvg' 1 , 

for any v G V. From these relations, and since the coproduct remains 
unchanged, we deduce that if £ = 1 then ~ A(Vi,V 2 ,ui,u 2 ,Gi,G 2 ) 
and if f = -1 then ffW ~ V2, «i, «2, G u G 2 ). □ 
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6.3. Homogeneous coideal subalgebras in supergroup algebras. A 

homogeneous left coideal subalgebra of a coradically graded Hopf algebra 
H = ©£L iJ(i) is a left coideal subalgebra K C H together with an algebra 
grading K = (B^ K(i) such that K(i) C H(i). The main goal of this section 
is the classification of homogeneous coideal subalgebras in the tensor product 
of supergroup algebras. 

Let (Vi, V2, i*i j U2, Gi, G2) be a data as in section [631 Denote V = V\ © V2 
and u = (1*1,1*2) G G = G\ x G2. Also set = A(Vi, V2, t*i, 1*2, Gi, G2) and 
il = H(Vi, V2, ui,U2, G±, G2). If (ui, ^2) G F we denote 

[(vi, V2)] = «i + G -ff(l). 

Remark 6.3. For any (1^1,^2) G V we have 

(6.1) [(v 1 ,v 2 )] 2 = 0, A([(ui,u 2 )]) =vi®l + «2«<Bto + (wi,l)(8)[(ui,W2)]- 

Definition 6.4. A coideal subalgebra data is a collection (W 1 , W 2 , W 3 , F), 
where 

• W 1 C Vi and VF 2 C V2 are subspaces, 

• C y is a subspace such that W 3 n © W 2 = 0, W 3 n Vi = = 

• F C G is a subgroup that leaves invariant all subspaces W l , i = 
1,2,3, 

• if W 3 7^ we require that 

we denote C{W 1 1 W 2 , W 3 , F) the subalgebra of H generated by kF and 
elements in W 1 © W 2 and {[to] : to G W 3 }. 

Lemma 6.5. The algebra C(W 1 , W 2 , W 3 , F) is a homogeneous left coideal 
subalgebra of H. □ 

Theorem 6.6. Let K = ®^ K(i) Q H be a homogeneous left coideal 
subalgebra. There exists a coideal subalgebra data (W 1 , W 2 , W 3 , F) such 
that K = C(W\W 2 ,W 3 ,F). 

Proof. Since F(0) C kG is a left coideal subalgebra then K (0) = kF for 
some subgroup F C G. If K(l) = then K = kF. Indeed, if x G K(2) then 
A(x) G il(0)(8) k if (2) © H(2)®K(0), hence a; G H x and since fli n H{2) = 
then x = 0. In a similar way we can prove that K{n) = for all n. 

Thus we can assume that F(l) 7^ 0. The vector space K(l) is a kG- 
subcomodule of V^kG via 

(^©id)A : K(l) -> kG© k K(l), 

where ir : H kG is the canonical projection. Thus F^(l) = Q ge QK{l) g , 
where = {k G K(l) : (vr©id)A(£;) = #©A;}, and 

#(l) s C ^©kk < (u 1 ,l)g > ©V2©kk < (l,u 2 )g > . 

Therefore we can write 

K(l) (vitl) = W 1 ®W 2 u®U 3 , 
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K{1) (1 , U2 ) = W 2 ®W l u®U 3 , 

where W 1 is the intesection of iT(l)( Ulj i) with V\, W 2 is the intesection of 
K(l)r Ultl \ with V2<8>klk < u > and U 3 is a direct complement, that is, a 
vector subspace of V\ © V2©kk < u > consisting of elements of the form 
[w] where w G W 3 and W 3 C V 1 ®V 2 . Since U 3 n W 1 © W 2 u = then 
W 3 nW 1 eW 2 = 0. The same is done for if (1) (1>U2 ), that is W 2 is the 
intersection of K (l)(i (Ua ) with V2, W 1 u is the intersection of K (l)(i, U2 ) with 
with Vi<8>kk < ti > and t/ 3 is a direct complement. The space U 3 consists 
of elements of the form [w] where w G W 3 and W 3 C Vi V2 . 

Claim 6.1._T/ u £ F then W 2 = W 1 = W 3 = W 3 = 0. We have that 
W 2 = W 2 , W 1 = W l . 

Proof of Claim. Let ^ (v,w) G W 3 , then 7^ G C/ 3 . Since 

A([(«,ib)]) G ii(0)© k F(l) ©il(l)<g> k if(0), using we get that u G F. 

The same arg ument works if W 3 / 0, / or if W 2 / 0. 

Let / ro G VF 2 , then um G if(l)( ui n. Since u G F then u; G if(l)( lill2 ) 
and the only possibility is that w G W 2 . The other inclusion is proven 
similarly. Thus W 2 = W 2 . The equality W l = W 1 follows analogously. □ 

We claim that K(l) = W 1 F © W 2 F © U 3 F. Indeed, take j £ G and 
/ w G if then 

w = wx(ux, l)g + io 2 (l, u 2 )g, 
for some u;i G Vi, w 2 G V^- Note that 

(6.2) A(w) = wi(u!, 1)5 + + w 2 (l, u 2 )g®(l, u 2 )g. 

If u;i / 0, since A(w) G #(0)© k if (1) © H(l)(gi k K(0), then (m, 1)5 G F and 
U70 -I («li 1) G if Thus u; G W^F © W 2 F © U 3 F. If wi = then 

w 2 7^ and using a same argument as before we conclude that (1, u 2 )g G F, 
thus wg- 1 ^,^) G if(l) (ljU2 ). If U 3 = W l = then wg' 1 ^,^) G W 2 and 

w G W 2 F. If some of the vector spaces C/ 3 , W 1 are not null then u £ F, 
from which we deduce that g~ l {u\,l) G F and wg (iti,l) G if(l)( Ul l ). 
Hence u; G W^F © W 2 F © [/ 3 F. 

If = is any basis of V then ii is generated as an algebra by the set 

{{b^g-.biEB^eG}. 

Indeed, take v G V±, w G V 2 then (v,0) = ^jCKi&i, (0,w) = Ylifiibi for 
some families of scalars ai,f3i G k, then v = ^ a, and w = A 
Let {6j : i = 1, . . . , r} be a basis of W = W l ®W 2 ®W 3 and extend it to a 
basis {6j : i = 1, . . . , t}, r < t, of V. Let n > 1 and k G K(n). Write 

k= Yl « S1 ,..^N S1 N S2 ---M st 5i, 
SjG{o,i},9ieG 
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for some a S i,... st i £ k. Let p : H —■ H{1) be the canonical projection. 
Then (id ®p)A(k) G H(n — l)®kK(l). It follows from a straightforward 
computation that (id <8>p)A(/c) is equal to 

^ ^ a sl) ..., S4 ,i(/t sl ,..., st ,i(8)[^]5i + /i sl ,... lSt ,i<8)[6i]u5 i ), 

i Sj6{0,l},fli6G 

for some 7^ /i si St ii hsi ... st i € i?(n — 1). This implies that if r < / and 
si = 1 then a ai ... s t i = 0. Thus K is generated as an algebra by K(0) and 
K{\), whence A" = C^ 1 , W 2 , W 3 , F). □ 

Definition 6.7. If (VF 1 , W 2 , W 3 , F) is a coideal subalgebra data denote 
C(W l , W 2 , W 3 , F) the subalgebra of H generated by kF and elements in 
W 1 W 2 and {[w]:w€ W 3 }. 

Theorem 6.8. Let K = ©™ K(i) C H be a homogeneous left coideal 
subalgebra. There exists a coideal subalgebra data (W , W 2 , W 3 , F) such 
that K = C{W\W 2 , W 3 , F). 

Proof. The proof follows the same argument as in the proof of Theorem 
E3 □ 

7. Module categories over tensor product of supergroup 

algebras 

We shall use the same notation as in the previous section, so we have a 
data (Vi, V2, u\, u%, G\, G2) as in subsection [621 H = A(Vi, V2, ui, 112, G\, G2) 
and H = H(V 1 ,V 2 ,u 1 ,U2,G 1 ,G 2 ). Denote G = G\ x G 2 , H { = A(Vi,Ui,Gi) 
and u = (ui,U2) G G. 

We shall define a family of comodule algebras over H that will parame- 
terize exact module categories over Rep(H). 

Definition 7.1. We say that the collection (W,/3, F, tp) is a compatible data 
with (V 1 ,V2,ui,U2,G 1 ,G 2 ) if 

(i) W = W 1 W 2 W 3 is a subspace of V such that (W 1 , W 2 ,W 3 , F) 
is a coideal subalgebra data, 

(ii) /3 : W x W — > k is a bilinear form stable under the action of F, such 
that 

(3(wi,w 2 ) = -f3(w 2 ,wi), P(wi,w 3 ) = (3(w 3 ,wi), /3(w 2 ,w 3 ) = -f3(w 3 ,w 2 ), 

for all Wi G W l , i = 1, 2, 3, and (3 restricted to W l x W l is symmetric 
for any i = 1,2, 3. 

(iii) If u £ F then /3 restricted to W 1 x W 2 and W 2 x W 3 is null. 

(iv) V G Z 2 (F,k x ). 

Given a compatible data (W, /3, F, ip) define JC(W, /3, F, ip) as the algebra 
generated by W and {e/ : / G i 7 }, subject to relations 

e f e h = ip(f,h)e fh , e f w = (f-w)e f , 
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WiWj + WiWj = f3(wi,Wj)l, Wi G W l ,Wj G W 3 , 
for any G {(1, 1), (2, 2), (1, 3), (3, 3)}, and relations 

W2W3 - w 3 w 2 = f3(w2,ws) e u , for any w 2 G W 2 , w 3 G W 3 , 

W1W2 — W2W1 = f3(wi,W2) e u , for any w\ G W 1 , W2 G W 2 . 
Define A : K(W, j3, F, -> #<g> k /C(VF, /3, F, V) on the generators 

A(e/) = /<8>e/, A(toi) = Wi®l + for all / G F,wi G W 1 , 

A(w 2 ) = u>2®1 + (l,ti2)®^2 for all w 2 G VF 2 , 
A(u , w) = v<S>l + w{l,U2)®e u + (tii, w), for all (u, to) G VT 3 . 

Remark 7.2. If (W,(3,F,xp) is a compatible data then comes with a dis- 
tinguished decomposition W = W 1 © W 2 © W 3 . To be more precise one 
should denote the algebras K(W,p,F,il>) by /C(W\ W 2 , W 3 , /3, F, r/>). We 
shall do this only in case we want to emphasize the direct decomposition of 
W. 

Definition 7.3. If (0, 0, W, F) is a coideal subalgebra data and (W, (3, F, ip) 
is a compatible data with (Vi, V2, U\, U2, G\, G2), we shall denote 

£(W,/3,F,ip)=lC(p,0,W,l3,F,ip). 

The algebras C(W, (3, F, ip) will be the relevant ones when computing the 
Braur-Picard group. 

Proposition 7.4. // (W, f3, F, ift) is a compatible data then JC(W, (3, F, ip) 
is a right H-simple left H-comodule algebra with trivial coinvariants. Also 
&1C(W,P,F,iI>)=1C(WAF,1>)- 

Proof. The proof that these algebras are comodule algebras is straightfor- 
ward. Also, it follows from a direct computation that 

pK(W,p,F,if>)=K(W,Q,F,'>l>), 
and JC(W, f3, F, ifj)o = k^F. Thus, the fact that these algebras are right 
A(Vi, V 2 ,iti,ti2,G ! i,G2)-simple follows from [TBI Prop. 4.4]. □ 

Recall that in Section 14.11 we have defined a left Hi^H^ op -comodule 
algebra diag(-ffj). It follows from Lemma 16. II that there is an isomorphism 
of Hopf algebras 

Hi® k H™ p ~ Hi^H, ~ A(Vi, V u Ui, Ui , G i} Gi). 

For any i = 1,2 we shall denote Bi = A(Vi, Vi,Ui,Ui,Gi,Gi). Also 

diag(^) = {(v,v) €Vi®Viiv€ V}, 

diag(G i ) = {(g,g) eG.xG,:^ Gi}. 

Lemma 7.5. For any i = 1,2 there is an isomorphism of left Bi-comodule 
algebras 

diag(Hi) ~/C(0©0© diag(Vi),0, diag(Gi),l). 
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Proof. Define a : diag(ifj) -> /C(0 diag(Vi),0, diag(Gj), 1) as follows. 
For all v eVi, g e Gi 

a(v) = (v,v)(ui,Ui), a(g) = (g,g). 

This gives a well-defined algebra isomorphism. It follows straightforward 
that a is a -Bj-comodule map. □ 

Remark 7.6. In Lemma [7.51 we write the space W = diag(V^) to 
emphasize that W 1 = 0, VF 2 = and W 3 = diag(T^). 

Proposition 7.7. Let (W, 0, F, tp) be a compatible data and ij) G Z 2 (G, k x ) 
be a 2-cocycle such that ip \f= ip- Let a : H^H — >■ k be a Hopf 2-cocycle 
such that o~(x,y) = ip(x,y) for all x,y G G, as defined in (|5,2p . Denote 
£ = ip((ui, 1), (1, U2))V'((1 ) U2), (ui, l))" 1 . If £ = 1 there is an isomorphism 
of comodule algebras 

IC{W, 0, F, il>) ~ C(^\ I^ 2 , VF 3 , F) ff . 

If £ = — 1 i/iere is an isomorphism of comodule algebras 

K(W,0,F,ij)) ~C(W\W 2 ,W 3 ,F) a . 

Proof. One can verify that the relations that hold in CfW 1 , TV 2 , W 3 , F) CT are 
the same relations in )C(W,0, F,ip). Thus there is a well-defined projection 
C^W 1 , W 2 , W 3 , F) a — » K.(W,0, F,ip) which is an isomorphism since both 
algebras have the same dimension. □ 

The above Proposition can be extended when the bilinear form f3 is not 
null. Let us begin by constructing a Hopf 2-cocycle in H. 

Lemma 7.8. Let a : H<S>kH ~ > k be the map defined by 

$(x,y) ifx,y<EG 
o-(x,y) = { \ijj{sg,th)l3(v,w) if x = vg,y = wh,v € V g , w € V t ,g,h € G 
otherwise. 

Then a is a Hopf 2-cocycle. □ 

Let f = ^((ui,l),(l,u 2 ))^((l,n 2 ),(ui,l))- 1 and let (W, /3, F, tp) be a 
compatible data. 

Proposition 7.9. //£ = 1 then there is an isomorphism of comodule alge- 
bras 

JC(W,P,F,if>) ~ C{W l , W 2 ,W 3 ,F) a . 
If £ = —1 there is an isomorphism of comodule algebras 

K(W,p,F,ij)~C{W\W 2 ,W 3 ,F) a . 
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Proof. One can verify that the relations that hold in CiW 1 , W 2 , W 3 , F) a 
are the same relations that hold in JC(W, /3, F, ip). Let us do this only for 
w 2 G W 2 , (v, w) G W 3 . By definition of a we have 

11- 

W2 'a [{V,W)\ = -/3(w 1 ,v)l + -P(WI,W)U + 1p(u 2 , U 1 )w 2 [(v , W>)], 

[(v,w)} ' (j w 2 = + -/3(w,wx)u + ■p(u 1 ,u 2 )[(v,w)]w 2 . 

Then 

U>2 'a [(V, W)\ - [(v, w)\ -a- W 2 = fi(w\,w)u. 

Thus there is a well-defined projection C(W 1 , W 2 , W 3 , F) a -» K(W, /3, F, ip) 
which is an isomorphism since both algebras have the same dimension. □ 

Theorem 7.10. Let (V\, V 2 , u%, u 2 , G\, G 2 ) be a data as in subsection \6.S\ 
and H = A(V±, V 2 , ui, u 2 , G%, G 2 ). Let Ai be an indecomposable exact left 
Hep(H) -module category. Then there is a compatible data (W,/3,F,ip) such 
that M is equivalent to the category K.{W,f3,F,ip)M as Rep(-ff) -modules. 

Proof. By Proposition 17.41 and [5J Prop. 1.20] the families ic(w,p,F,ip)-M. are 
exact indecomposable module categories over Rep(H). 

Let M. be an indecomposable exact Rep(-ff)-module category. Then, by 
[31 Thm 3.3] there exists a right //-simple left comodule algebra with trivial 
coinvariants (A, A) such that A4 = a-M as Rep(-£f)-modules. Since H is 
coradically graded then gr A is a right if-simple left comodule algebra also 
with trivial coinvariants. 

Since Hq = kG and A(0) is a left kG-comodule algebra right kG-simple 
then there exists a subgroup F C G and ip G Z 2 (F, k x ) such that A(0) = 
k^F. 

Let ip G Z 2 (G, k x ) be a 2-cocycle such that ip \p= ip. Let a : H®^H — > k 
be a Hopf 2-cocycle such that a(x,y) = ip(x,y) for all x,y G G, as defined 
in ([Op . 

By Lemma [53] the algebra (gr A) a - 1 is isomorphic to a homogeneous left 
coideal subalgebra of 1. Set £ = ip((u±, 1), (1, u 2 ))tp((l, u 2 ), (u%, l)) -1 . 
Since £ 2 = 1 then £ = ±1. We shall analize what happends in both cases. 

Case £ = 1. It follows from Proposition 16.21 that there is an isomorphism 
of Hopf algebras B\ a 1 ~ A(Vi, V 2 , «i, u 2 , G\, G 2 ), therefore (grA) a -i is 
isomorphic as a comodule algebra to a coideal subalgebra of H. Hence, from 
Theorem [6T6] we deduce that (gr A) a -i = C(W 1 , W 2 , W 3 , F) for some coideal 
subalgebra data (W 1 , W 2 , W 3 , F). Proposition 17.71 implies that (gr^4) ~ 
fC(W,0,F,ip). Now, we have to determine all liftings of fC(W,0,F,ip), that 
is all comodule algebras A such that (gr A) ~ JC(W, 0, F, ip). 

For any w\ G W l , w 2 G W 2 , (v,w) G W 3 let be a Wl , a W2 , ar VjW \ G A\ 
elements such that 

A(a wi ) = w\®\ + (ui, l)®a Wl , \(a W2 ) = w 2 ®l + (l,u 2 )(g>a W2 , 
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K a {v,w)) = V®1 + WU®e u + (ni, l)®0(,, )tu ), 

and the class of in A(l) = A\/Aq equals w. We can choose these elements 
so that they satisfy that 

a v + w = a v + a w , fa w f~ x = aj. w for all / G F, v, w G W. 

The proof of the existence of such elements is the same as the proof of |16t 
Lemma 5.5]. Then A is generated as an algebra by elements {a w ,f : w G 
WJeF}. 

For any G {(1, 1), (2, 2), (1, 3), (3, 3)} take Wi G W\wj G W j . Then 

hence there exists an scalar (3(wi,Wj) G k such that 

a Wi a W:j + a Wj a Wi = P(w{, Wj) 1. 
If ioi G W 1 , 102 G VF 2 then 

hence there exists f3(w\,W2) G k such that 

<hoi a w 2 ~ a W2 a Wl = (3(wi , w 2 ) e u . 

If u $l F then f}{w\,W2) = 0. The same is done in the case W2 G W 2 , 
W3 G W s . One can prove that (W, (3, F, if) is a compatible data and there is 
a comodule algebra projection 

K{W,P,F,if)^A 

which is injective since both algebras have the same dimension. 

Case £ = — 1. The proof of this case is entirely similar to the case £ = 1. □ 

7.1. Equivalence classes of module categories. We shall explain when 
two module categories appearing in Theorem 17.101 are equivalent. 

Let H be a finite-dimensional pointed Hopf algebra and A, A' be right 
//-simple left ^4-comodule algebras with trivial coinvariants. If g G H is a 
group-like element we can define a new comodule algebra A 9 on the same 
underlying algebra A with coaction given by X 9 : A 9 — > H®tA 9 , X 9 (a) = 
9 a (-l)9~ 1 ® a (0)i f° r an a, £ A. 

Theorem 7.11. [12, Thm. 4.2] The algebras A, A' are equivariantly Morita 
equivalent if and only if there exists an element g G G(A) such that A' ~ A 9 
as comodule algebras. □ 

Theorem 7.12. Let (Vj., V2, ui, U2, Gx, G2) be a data as in subsection \ 6.2\ 
and set H = A(V 1} V 2 , u 1} u 2 , Gx, G 2 ). Let (W,P,F,ip), (U,p',F',ip') be 
two compatible data. The module categories K(w t p fm-M., k(U,P' ,f' are 
equivalent if and only if there exists g G G such that 

W 1 =g.Jj\W 2 = g-U 2 ,W 3 =g-U 3 , p =g-P, F> = gFg~\ = ^ '. 
Here g ■ f3(v, w) = f3(g~ 1 ■ v, g~ l ■ w) for all v,w G U. 
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Proof. Let us prove that if JC(W, (5, F, ip) and K.(W, f3',F', if)') are isomorphic 
as .ff-comodule algebras then W = W, f3 = f3', F = F' and tp = tp'. Let 
$ : K,(W,/3,F,ip) — > K,(W',/3',F',ip') be an isomorphism of ff-comodule 
algebras, then for any / € F we have that 

/®<%) = A(tf(e/))- 

This implies that $(e/) € K(W' , f3' , F' , ip')o = k.F' and has no other possi- 
bility that being equal to ej. Hence F C F'. The other inclusion can be 
proven using the inverse of #. Since $ is an algebra morphism we deduce 
that ip = ■0', 

It is not difficult to prove that for any z = 1, 2, 3 we have that i?(W*) C £7 l . 
Since $ is an isomorphism then W l = U l for any i = 1,2,3. Since i? is an 
algebra morphism the bilinear forms /3, (3' must be equal. 

For any g G G there is an isomorphism of comodule algebras 

JC(W, 0, F, 4>y ^JC(g-W,g- 0, gFg- 1 ,^)- 

Indeed, the algebra map 9 : /C(TF, 0, F, i(j) 9 -> /C(g • W,s ■ ^gFg' 1 ,^) 
determined by 

6(w)=g-w, 9(e f ) = e gfg -i, 

for all w € W, / G F, is an isomorphism of comodule algebras. The proof 
of the Theorem follows now from Theorem 17.111 □ 

8. The Brauer-Picard group of supergroup algebras 

The Brauer-Picard groupoid [9j BrPic is the 3-groupoid whose objects 
are finite tensor categories, 1-morphisms from C\ to C2 are invertible exact 
(Ci, C2)-bimodule categories, 2-morphisms are equivalences of such bimodule 
categories, and 3-morphisms are isomorphisms of such equivalences. Forget- 
ting the 3-morphisms and the 2-morphisms and identifying 1-morphisms 
one obtains the groupoid BrPic. For a fixed tensor category C, the group 
BrPic(C) consists of equivalence classes of invertible exact C-bimodule cat- 
egories and it is called the Brauer-Picard group of C. 

In this section G will denote a finite Abelian group, V is a finite-dimensional 
G- module and u £ G is an element of order 2 such that it acts on V as — 1. 
Also H = A(V,u,G). 

8.1. The Brauer-Picard group of group algebras. Let us recall the 
results obtained in [9] on the computation of the Brauer-Picard group of the 
category of representations of a finite Abelian group. 

Definition 8.1. Let G be a finite Abelian group. The group 0{G®G) con- 
sists of group isomorphisms a : G@G — > G®G such that (02(5, x); a l (di X)) = 
(X,g) for all g £ G,x G G. Here a(g,x) = (ai(g, x), "2(5, x))- 
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Theorem 8.2. [9j Corollary 1.2] There is an isomorphism of groups 

BrPic{Rep(G)) ~ 0(G © G). 

□ 

Let us explain how to obtain invertible bimodule categories from elements 
in 0(G © G). Let a G 0(G © G) and define U a Q G x G the subgroup 

= {(ai(5,x),5) :5 S G,x S G}. 
and the 2-cocycle ip a : U a x U a — >■ k x defined by 

^a((ai(5,x) 5 5)>(«l(^0>^)) = ( Q 2(f, x)~\ "lO, £))(X> 
It was proved in [§] that the bimodule categories k ila u c ,M are invertible and 
any invertible bimodule category is equivalent to one of this form. Note that 
U id = diag(G),^ id = 1. 

Example 8.3. If G = Z p for some prime p G N then O(GffiG) is isomorphic 
to the dihedral group IDWp-l)- I n particular if p = 2 then 0(2^ © Z2) ^ Z2. 
The only non-trivial element in 0(Z2 © Z2) is 7 : Z2 © Z2 — >■ Z2 © Z2 given 
I'.v 

(8.1) 7(« < ,^) = (^ > X < ) > 

for i,j = 0, 1. Here it is the generator of Z2 and x is the generator of Z2. 

8.2. Families of invertible bimodule categories. In this section we 
present families of invertible Rep(-ff)-bimodule categories. 

Definition 8.4. We shall denote by TZ(V, u, G) the set of collections (W, (3, a), 
where 

(i) W C V © V is a subspace such that W nV ® = = W HO <$V, 

(ii) a G 0(G © G) is an isomorphism such that (u,u) G U a , 

(iii) is invariant under the action of U a , 

(iv) ft : W x W — 7-kisa symmetric bilinear form invariant under the 
action of XJ a . 

If (W,/3,a), (W,f3,a) are elements in TZ(V,u,G) we define 

(8.2) (W, /3, a) • (W, 0, a) = (W • /3 • /?, aa), 

where • is the subspace of V © V consisting of elements (vi,ii>i) 
such that there exists a (necessarily unique) v 2 &V such that (^1,^2) £ W, 
(v 2 ,w\) G W. The bilinear form /3 • /3 is defined by 

P • (v£>™i)) = (3({v 1 ,v 2 ), (v[,v 2 )) + ]}{{v2,wi), {v' 2 ,w[)), 

where v 2 ,v' 2 G V 2 are the unique elements such that (v\, V2), (v^, v 2 ) G W 
and (v 2 , w\), (v' 2 , w[) G W. The action of U a & onW »W is given as follows. 
If g G G, x G G, («, w) G W • W then 

(ai(S(ff,x)),5) • ( w ,^) = («i(«(5,x)) ' v ,9 • w). 
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Lemma 8.5. If(W,/3,a), (W,p,a) then (W, P,a)» (W, P, 5) G TZ(V, u, G) . 

Proof. We will only prove that the bilinear form j3 • f3 is invariant un- 
der the action of U a ^. The other properties are straightforward. Let 
E W»W and (f,g) G U a5 , then /?•/?((/, g) • (ui, ioi), (/, 5) • 
(u^u;^)) is equal to 

= /9«j9((/-«i,5-wi),(/.«i )5 .«/ 1 )) 

= P((f -vi,x- v 2 ), (/ • v' 2 )) +P((x • «2,3 ■ wi), (x -v' 2 ,g- w[)) 

= P{(v 1 ,V 2 ),(v' 1 ,v' 2 )) +P((V2,Wl),(v' 2 ,v/ 1 )) 

= p.p((v 1 ,w 1 ),(v[,w[)). 

In the above equalities the element x G G is the unique such that (/, x) G 
U a and (x,g) G cTg, and ^2,^2 E ^2 are the unique elements such that 
(vi,v 2 ), {v[,v' 2 ) G W and (v 2 ,wi), K>™i) G W. □ 

Definition 8.6. We say that (W, /?, a) ~ (W, P, a) if there exists an element 
g G G x G such that 

W = 0.W, p = g-p,a = a. 

If (W,P,U a ,fl) a) is a compatible family for some a G 0{G © G) we shall 
denote 

K{W,P,a)=K{W,P,U a ^ a ), C(W,P,a)=£(W,P,U a ,i/> a ). 

Theorem 8.7. Let (W, /3, a) G TZ(V, u, G) such that there exists (W, ft, a) G 
TZ(V, u, G) such that 

(8.3) (W, 0, a) • (W, /8, a) ~ ( diag(V), 0, id ), 

(8.4) (W, P, a) • (W, /?, a) ~ ( *a^(V), 0, id ). 

T/ien i/ie ~Rep(H)-bimodule category c(W,p,a)M. * s invertible. 

Proof. The proof is a (more complicated) version of the proof of the funda- 
mental theorem for Hopf modules [18]. If L = C(W,P,a),K = C(W,P,a) 
we shall prove that the categories Ai(H, H, K, L), ^ diag(v) id )^ are ec l u i v ~ 
alent as bimodule categories. 

Let us fix some notation. If (yi, w±) G W • W then there exists a unique 
v 2 G V 2 such that [v\,v 2 ) G W, (v 2 ,Wi) G W. We shall denote 

l\{v\,wx) = (yi,V2), i2(vi,wi) = (v 2 ,wi). 

Analogously if (vi,wi) G W • W there exists a unique U2 G Vi such that 
(vi,v 2 ) G and (v 2 ,W\) G W. We shall denote 

Tx(v\,wi) = (vi,v 2 ), T 2 (vi,wx) = (v 2 ,wx). 

From (|8.3p . (|8.4p it follows that there are elements (a,b), (g,h) G G x G 
such that 
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(i) WmW = (g,h)- diag(V), 

(ii) W» W= (a,6) ■ diag(y). 
Denote 5 = £( diag(V), 0, id ). Let 

: 5 ->■ LtoitK, ^ : S" ^ if^t-L, 
be the algebra morphisms determined as follows. If w G V, f G G then 
0(u>, u; ) = ii(g ■ w, h ■ w)®l + e^^L^id ■ w,h ■ w), 

<K e (/,/)) = e (/,5(/,i))® e (5(/,i),/)- 

HuGF.sGG then 

4>(v, v) = T\{a ■ v,b ■ v)®l + e( u ,u)^2{a ■ v , b ■ v), 

Claim 8.1. The maps (ft, (ft are well-defined. 

Proof of Claim. One should prove that for all v, w G V, f,g£GxG 

(8.5) 4>(w, w)4>(v , v ) + <f)(v, v)4>(w, w) = 0, 

(8.6) <P(e f )<P(e g ) = ^(e fg ), 

(8.7) 4>(e f )ct>(w, w) = 4>{f ■ (w, w))4>{e f ). 

The verification of these equalities is straightforward. The same equations 
hold for (p. □ 

Let us recall the isomorphism of A(V, V, u, u, G, G)-comodule algebras 
a : diag(ff) — > S presented in the proof of Lemma 17.51 We shall use the 
notation 

0( s ) = ^( s )<^ 2 ( s ), = ^(t)®^ 2 (t), 
omitting the summation symbol, for all s,t £ S. 

Claim 8.2. If s,t £ S then 

(8.8) 7r 2 (0 1 (t)_ 1 )5- 1 (^ 2 (0 2 (t)_i))^ 1 (t)o^ 2 (t)o = l®?(t) 

(8.9) 7r 2 (</> 2 ( S )_ 1 )cS- 1 (vr 2 (0 2 (s)_i))^ 1 (5)o^ 2 (s)o = 

The proof follows by verifying that both equalities hold for the generators 
of the algebra 5 and using that both maps 4>, <f> are algebra morphisms. 

If M G M(H, H, K,L) define tt m : M -»• M coH the map 

x 2 

ttmM = (cr(5(m ( _i)))) • m (0 ) • </> (<r(5(m(_i)))). 

It follows from (|8.8j) that the image of 7tm is indeed inside M coH . The space 
M coH has a left 5-action given by 

s ■ m = (f) 2 (s) ■ m ■ </> 1 (s), 

for all s G Si, m G M coH . It follows from (|8.9|) that this action is well- 
defined, that is, if s G S, m G M COjH " then s ■ m G M coH . 
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Let G : M{H,H,K,L) -> S M and T : s M_-> M(H,H,K,L) be the 
functors denned as follows. If M G M(H, H,K,L), N £ S M then 

F{N) = (L® k K)® s N, G(M) = M coH . 

The structure of right S'-module on L^K is given via <j). Both functors are 
bimodule functors, see |17} Prop. 3.7]. These functors are in fact the same 
(up to some minor modifications) functors described in Section T4.H For any 
M G M{H, H, K, L) define 

otu '■ M (L® k K)® s M coH , p M : {L® k K)® s M coH -4 M, 

Q/ M (m) = 0(o"(m(_i)))®7rAf(?7i(o)), fiM{l®k®m) = k ■ m ■ I, 
for all m G M coH , leL,keK. 

Claim 8.3. The maps au, Pm a re inverse of each other. 
Proof of claim. Let m G M then (3m ° ctM( m ) is equal to 
= 1 (cj(m ( _ 1) )) • 7r M (m (0) ) • 2 (a(m ( _ 1) )) 

= 1 (cj(m ( _ 1) )cr(5(m (o)( _ 1) ))) • m (0)(0 ) • 2 (fj(m ( _ 1) )o-(5(m (O )(_i)))) 

= 4 m (-i)) m (o) = m - 
Let m G M coH , I £ L, k £ K. Then a M o f3 M (l®k^>m) is equal to 
= otM{k ■ m ■ I) 

= 0o-7r 2 (fc(_i)5 _1 (Z(_i)))(g)7rM(fc(o) • m ■ Z(o)) 
= 0o-7r 2 (fc ( _ 1) 5 _1 (Z ( _i ) ))(g) 

®^V7T 2 (A;(o)(_i)<S _1 (Z(o)(_i)))fc(o)(o) • m • Z( )(o)^V7r 2 (A!(o)(-i)«S _1 (Z(o)(-i))) 
Now, to prove that cum ° PM{l®k®m) = {l®k®m) it is enough to prove that 

(8.10) 0o-7r 2 (A:(_i))(g)^ 1 cr7r2(A;( O )(_ 1 ))/c( O )( O )(g)(/) 2 cr7r2(A;(o)(_i)) = fc®l®l®l, 
(8.11) 

0o-7r 2 (5 _1 (/ ( _ 1 )))(g)(/) o-7r 2 (/(o)(_i))®Z(o)(o)0 cr7r 2 («S _1 (Z( )(-i))) = 

Since 0ct7T2 is an algebra map, equations (|8.10|) . (|8.1ip can be verified on the 
generators of the algebras L and K. □ 

In conclusion we have that J-Q = Id. Let us prove that QT = Id. For any 
N G s-M we have an inclusion 

N^->g(F(N)), n^l<S>lm, 

for all n G N. Let ^ : ^.M — > vectt be the functor defined by \P(iV) = 
g(T(N))/N for all iV G S A1. The functor * is a Rep(.ff)-module functor. 
Indeed, define c x ,n ■ V(X® k N) -4 X(g) k ^(iV) by 

cx,N{l®k®x(>$>n) = 7Ti(Z(_i)) • x<gil(ty®k<gin, 
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for all X G Rep(H), N G iM, I G L, k G K, x G X, n G N. It follows 
straightforward that (V&, c) is a module functor, thus it is exact. The full 
subcategory M of objects such that ^(N) = is a submodule category 
of g-A/f. Since ^(S 1 ) = and the category s-M- is indecomposable, then 
M = s-M, which implies that QT = Id. 

□ 

Theorem 8.8. If a, a are elements inO{G®G) and K = C(diag(V),0,a), 
L = C{ diag(V),0,a), then there is an equivalence of bimodule categories 

M(H,H,K,L) ~ C (diag(V),0,aa)M. 

Proof. The proof of Theorem 18.71 applies mutatis mutandis to this case. 

□ 

8.3. The Brauer-Picard group of supergroup algebras. The comod- 
ule algebras C(W, (3, a) will be the relevant ones when computing the Brauer- 
Picard group for the representations categories of supergroup algebras. In 
Theorem 18.71 we have seen that the bimodule categories c(W,p,a)-M are i n_ 
vertibles if the compatible data (W, /3, a) is invertible in some sense. We 
must prove now that these categories are the only invertible bimodule cat- 
egories and we have to describe the tensor product between them. In view 
of Theorem 14.21 we need first to investigate the cotensor product of two such 
comodule algebras. 

Let (W,f3,a), (W, f3,a) be compatible data with (V, u, G). We shall fur- 
ther assume that W and W have decompositions 

w = oeo®w 3 , w = oeo®w 3 . 

Let L = C(W,(3,a), K = C(W,/3,a). If G W • VP then there 

exists a unique v-i G V2 such that (^1,^2) G W, (v2,wi) G W. We shall 
denote 

Ll(vi,Wl) = (Ul,U2), l^{vi,Wl) = {v 2 ,Wl). 

Analogously if (vi,w\) G W • W there exists a unique V2 G V such that 
(vi,V2) G W and (v2,wi) G W. We shall denote 

= (V!,V 2 ), ^2(^1,^1) = {v2,Wl). 

Let pi,P2 ■ V © V — > V the canonical projections, so p\(v,w) = v and 
P2(v,w) = w for all (v, w) £ V ®V. Abusing of the notation we shall also 
denote by pi,P2 ■ G x G — > G the canonical projections. 

Lemma 8.9. Let {(wj, wf)}\ =1 be a basis ofW»W C V ®V . There exists 
a basis {vi}™ =1 of W and a basis {wi}'^ of W such that t < n, t < m and 
Pi(vi) = wj, p 2 (wi) = wj for any i = 1, . . . ,t. 

Proof. For any % = l,...,t there exists ti G V such that (wj,ti) G W, 
(ti,wf) G W. The sets {(w},U)}Ui, {(U,v$)}\ 

=1 are linearly independent, 
thus we can extend both set to a basis in their corresponding spaces. □ 
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lga78 The right ii-comodule structure described in (|4.2|) will be denoted 
by A r : L — > L®kH and if x G W then 

(8.12) X r (x) = e( U}U -)®p 2 (x) + x®l. 

The left ii-comodule structure described in (j4.3j) will be denoted by A; : 
K -> H®kK and if y G PF then 

(8.13) A;(y) = p 2 {y)®l + u®y. 

The proof of the next Lemma can be done using an inductive argument. 

Lemma 8.10. If x = x\ . . . x n ef G L and y = y\ . . . y m &h € K are elements 

such that x\,...,x n G W, yi, . . . , y m G W f G U a , h G E/g then 
(8.14) 

Ar(x) = Yl a s x i ■ ■■< n et 1+ '" +5n ef®P2(xi) Sl . ..jfcMSfcCf), 

£^£{0,1} 

(8.15) 

Ml/) = E CI Pi(yi) £1 ...Pm{y m Y m u^ + - + ^p 2 {h)®y^ ...yte h , 

ei,<5ie{0,l} 
€j+<5i = l 

where all coefficients a$,Q G k are not n«(i. □ 

Proposition 8.11. Assume that a = id . TTien i/iere is an isomorphism of 
left H®kH cop ' -comodule algebras 

(8.16) C(W, p, a)\3 H £(W, p, id ) ~ £(W • W,p*P, a). 

Proof. Note that C(W, P, id )o = diag(G). Let {xi, . . . , x n } be a basis of W 
and {yi, . . . , y m } be a basis of 14 7 such that they are extensions of a basis of 
W • W in the sense of Lemma l8.91 Without loss of generality we can assume 
that m < n. 

For any < s < n, 0<i<m define L(s) the subspace of L generated by 
elements of the form 

xl 1 . . . 4"e/, where £j = 0, 1, eH + e n = s, / G i7 a . 

Analogously, define K (t) the subspace of K gernerated by elements of the 
form 

yf 1 ...y 5 ™e f , where 6, =0,1, 6 1 + --- + 6 m = t, f G diag(G). 

Then L = ®" =0 L(s) and K = ®^ =Q K{t). 

For any % = 1, . . . , m set Wi = (pi(zj) , p 2 {yi)) > tt : if — >■ kl the canonical 
projection and define SCF the subset of elements {f\, f 2 ) such that there 
exists (f 2 ,g) G -F. We shall denote by p : kF — > kF • F the linear map 
determined by 

if(/ 1; / 2 )^5 
if (f 2 ,g) G diag(G). 



P( e (fuf2)) 
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By the assumptions on F and F the map p is well-defined. Define the map 
9:LU H K^ C{W •W,P»P,a) as follows. If d £ N and z € LU H K is an 
element of the form 

(8.17) z = Yl Pbl X T--- a^e/OyJ 1 • • • lfce h , 

aiH ham+6iH hfen=ci 

/Gt/ Q ,feediag(G) 

then 

= E ^0,1 < • • • ™m e (pi(/), P2 W)- 
ttiH \-a m =d 

From now on we shall write a + b = d when we mean that a\ + • • • + a m + 
h H h 6 n = d. 

Claim 8.4. The map 8 is a well-defined injective linear map. In particular 
we have that dim(LD^K) < dim(£(W •W,(3»(3, a)). 

Proof of claim. We must prove that 9 is well-defined in L\DhK and that 
it is injective. Let us prove the first. Let be < d < n + m and z € 
LHffK n ©"Zq" L(s)®kK(d — s) a non-zero element, then there are scalars 

Pb h e ^ suc ^ ^^ a * 

(8.18) z = £ /3 b a ;/ x? 1 . . . <" e/ ^ . . . ^e A . 

a+b=<i 
feU a ,hedmg(G) 

Using dHH]), (pT[5j) one gets that 
(8.19) 

Ki a l x i ■ ■ ■ <"e^e / ^ 2 (xi) <51 . . .P2(x n ) 5n p 2 (f)®y b 1 1 . . . yi m e h 

/eC/ Q ,/iediag(G) 

equals to 
(8.20) 

Yl Pb'ICs a?? 1 • • ■ < n e/®Pi(2/i) £1 • • •Pm(y m ) £m u 2 p 2 (/i)^ 1 • • • l&e h . 

/eC/ Q ,/iediag(G) 

Since there exists some ffif 0. Define 

J(z) = {1 < i < n : there exists /3^, '/ 7^ and = 1}. 

Let us assume that 1 € /(z), thus there exists some (3y '[ / where = 1. 
The next argument does not depend on this choice but it simplifies the 
notation. 
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Comparing elements (|8.19j) and (|8.20j) we conclude, perhaps after reorder- 
ing the elements of the basis {yi, . . . ,y m }, that 
(8.21) 

a+b=d 

feU a ,hedm g (G) 

must be equal to 
(8.22) 

E ^(TolZo) n) x i ■ ■ ■ <*e/®Pi(l/i)«2P2 • • • Vm^h- 

a+b=d 
feU a ,hedia,g(G) 

I r 

Since ^ then pi(yi) = p 2 (xi) and p 2 (f) = up 2 {h) = p 2 ((u,u)h). 

Let Ai : L(g> k K ->■ H (g> k H cop (g) k L® k K be the coaction given in (|4.4p . that 
is if Z(8)A; G L^kiiT then 

A(l<g>fc) = 7ri(Z(_i))®7Ti(fc(_ 1 ))®i( )®fe(o)- 

With this coaction L® k K is a comodule algebra and has LOhK is a sub- 
comodule algebra. Taking H' = H® k H cop , A = L® k K and B = LU H K 
we are under the hypothesis of Lemma 15. 1L This implies that any element 
z G L\DhK can be written as 

n+m 

z = E zd 

d=0 

where z d G LU H K n ©™=™ L{s)® k K(d - s). Let us prove now that is 
injective. Assume that z is an element as in (|8.17p such that 0(z) = and 
Hence any f3^'( = for any a such that a\ + • • • + a m = d. Since z^O 

there exists at least one coefficient /3f, '/ 7^ 0. Let us compare the coefficient 
of the term 

(8.23) xf . . .x< e/ ®pi(yi) fe 'i . . .p m {y m ) h '™u h '^- h '™®l 

in equations (18. 19[) , (18.2Q[) . The coefficient of the term (|8.23p in the summand 
(|8.19p is /3q 1 a 6' > f° r some a = (01, . . . , a n ) such that Si + • • • + a„ = d, and 
in the summand Ml) is /^'/Co'- Thus /9£'/Co = ^f a 6' = °> whence 
@b' h = 0> wn i cn is a contradiction, thus 9 is injective. This finishes the 
proof of the claim. □ 

Define <fi : C{W • W, f3 • (3, a) — )■ LD^K the algebra map determined as 
follows. If it; G • W" then 

4>(w) = t\(w)®l + e u ®L 2 (w), 

and if (/, 5) G U a then 

<K e (/,<;)) = e (f,g)® e (9,g)- 
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The map cj) extends to a comodule algebra morphism and the image is 
contained in L\DhK. To prove that <f> is well-defined one should verify that 

(8.24) <t){w)(p{v) + (j){v)(j){w) = /S • P(y, w)l, 

(8.25) <f>(e f )<f>{e g ) = il> a (f,g)<f>(efg) 

(8.26) WH = W'«)%) ) 

for all to, v € W • W, f,g£ U a . This is done by a straightforward compu- 
tation. To prove that the image of is contained in LOhK we must prove 
that if io € • then 

+ e u ®i. 2 (w) G LDh 2 K. 

This calculation is readily proven. Let us prove that is a comodule 
morphism. For the moment we shall denote by <^ W9 yy the coaction of 

C(W»W,P*P,a). Let w = (vi.wi) £ W »W then 

(idtgi^A^^^) = (id (8)0) («i (8)1 + it? 1 (-iii,ui)8>e( UljUl ) + («i, l)®it;) 

= ui (8)1(8)1 + Wi(Mi,Mi)<8e(„ 1>U2 )(8e( U2jUl )+ 
+ (wi, l)®ti(io)(8)l + (ui, l)®e( uliU2 )®t 2 (w). 

Let A denotes the coaction of LD^if described in (|4.4p and 

= («1,« 2 ), t2(w) = (V2,u>l)- 

We have that 

A(ii(u>)<8>l) = (7r_H- 1 (g)7r_H-i ( 8)id)(t'i(8)l(8)l + i> 2 ii®e M ®l + ui®ii(u>)®l) 
= «i®1®1 -I- iti®ti(u;)®l, 

and 

A(e M ®i 2 (u>)) = (TTH 1 ®n Hl ®id)(uv2®e u ®l + uwi(u 2 ,ui)®e u ®e( U2:Ul - ) + 
+ u(u 2 , l)®e u ®i 2 (iy)) 

= (ni, l)wi(l,iii)®e u ®e(„ 2)Ul ) + (ui, l)®e u ®i 2 (w) 
= wi(tii,ni)®e n ®e (u2>Ul ) + (ui, l)®e u ®i 2 (w) 
The last equality follows because u\ commutes with w\. Then 

(id®0)A H/> ^(u>) = \<p{w). 

An easy computation shows that the same equality holds for the group 
elements in U a . Clearly the map <ft is injective. This implies that d\m{C{W • 
W,(3 »P,F •F,%j) < dim(L\3 H2 K), but from Claim El it follows that 
both spaces have the same dimension. Therefore <p is an isomorphism. 

□ 

Let (W,P,F,Tp), (W,/3,F,i>) be compatible data with (V,V,jt,u, GjG)- 
The spaces W, W have decompositions W = W 1 © W 2 © W 3 , W = W 1 © 
W 2 © W 3 . 
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Let L = )C(W,P,F,ijj), K = IC(W, /3, F, -0). The tensor product L® k K 
has a left .ff-comodule structure 5 : L® k K — > H 2 ®kL®kK given by 

8{l®k) = 7r 2 (A; ( _ 1) )5 _1 (7r2(/ { „ 1 )))(8)/(o)«)/c( 0) , 

for all l®k G L® k K. This coaction was already used in (|4.5p . 

Proposition 8.12. The following assertions hold. 

1. If k-M- is an invertible bimodule category then W 2 = 0. 

2. If is an invertible bimodule category then W 1 = 0. 

3. If kM is an invertible bimodule category then 

F = U a , ^ = ^ Q , 

for some a G 0(G ® G). 

4. If W 2 = W 1 = W 2 = W l = and F = U a , ^ = ip s , F = U a ,%j> = 
ipa for some a, a G 0{G ® G) there is an isomorphism 

L® k K ~ A^LD^) 

o/ ng/if IX^hK -modules and left H-comodules, where N is a certain 
left H-comodule. 

Proof. 1. Since kM is an invertible bimodule category then 

{ K M)° P M Rcp{H) K M ~ M(H,H,K,K) ~ Rep(F 2 ). 

For any vector space X and P £ M(H, H, K, K) we write the ob- 

ject in the category M.(H,H,K,K) with structure concentrated in P. Let 
A/" be the full subcategory of M.(H, H, K, K) consisting of objects P such 
that X®P ~ X<g> k P for all X G Rep(H®H cop ). The category TV is a sub- 
module category of M. (H, H, K, K). It could not happend that M equals 
M(H,H,K,K) since M(H,H,K,K) is equivalent to Rep (if). Thus A/" 
must be the null category. 

Let us assume that W 2 ^ 0. Let < W 2 > be the subalgebra of K 
generated by elements in W 2 . We have inclusions 

S = < W 2 >U H < W 2 KU H2 K ^ K® U K, 

of left iJ®-ff cop -comodule algebras. Note that the coaction of S is trivial, 
that is, if 5 : S -> H®H c °P® k S, 52k®leS then jfe®|) = £ fc®*- 

This implies that for any X G Rep(i7(g) J fr cop ) and M G S M X®M = 
X® k M, where the 5-action on X® k M is concentrated in the second ten- 
sorand. From this observation we deduce that for any M G s-M the ob- 
ject K® k K®sM belongs to N . This is a contradiction, which means that 
W 2 = 0. 

2. It follows by using the same argument as in item (1). 
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3. Let us assume that lA4 is the inverse of the bimodule category k-M. 
From the previous results we know that W 2 = W 1 = W 2 = W 1 = 0. Let us 
prove that (LHhK)o = LqOhqKq. The inclusion (L\HhK)q 5 Lq\Hh Ko is 
immediate. Let ^Z<g>/c G (LCIhK)q, then 

7Ti(Z(_i))®Z( ) G H ®kL, 7Ti(A;(_i))(8iA;(o) G H ®kK. 

The only possibility for this to happen is that Z G ^O;^ G Kq. Now the 
result follows from [171 Corollary 5.6]. 

4. It follows from Proposition 17.91 and from (18. 16H that L\DhK is a 
twisting C a of some coideal subalgebra C of either A(V, V, u, u, G, G) or 
H(V, V, u, u, G, G). This means that there are equivalences of categories 

where B is either A(V, V, u, u, G, G) or H(V, V, u, u, G, G) and Q = B / BC+ . 
The first equivalence is [161 Lemma 2.1] and the second one is standard, see 
e.g. [20]. Thus any object of b Mlu h k is equivalent to B^UqN for some 
N G Q M. In particular, since L® k K G b Mlu h k there exists N G Q M 
such that L® k if ~ BWDqJV. Since I?M ~ CtgitQ as right C-modules and 
left Q-comodules, then L^K ~ Co-^tiV. □ 

Theorem 8.13. If a, a are elements in 0(G © G), then there is an equiv- 
alence of bimodule categories 

C(W,/3,a)M M Rep{H) c( w,P,S) M ~ C{W.W,W, a a) M - 

Proof. From Proposition l8.12l (4) we can apply Theorem 14 . 2 1 and we get that 

C{W,p,a)M - C(W,/3,id)D H C(V,0,a) M ~ C(W,f3,id) M ^Rcp(H) C(V,0,a)M, 
where the first isomorphism is (|8.16p . Then 

C{W,P,a)M ^Rep(H) C (W,P,a) M 

is isomorphic to 

C(W,/3,id) M ^Rep(^) C(V,0,a)M ^ Rcp ( H ) C(V,Q,a)M ^Rep(H) c(W,PM) M ' 

Using Theorem 18.81 we obtain that this tensor product is isomorphic to 

C(W,/3, id ) M ^Rep(H) C(V,0,aS)M ^Rcp(tf) c (w,p,id) M > 
and using again Theorem 14.21 we get the result. □ 

Define 03 (V, u, G) to be the group of invertible elements in 1Z(V, u,G)/ ~ 
with product • described in (|8.2j) . 

Theorem 8.14. Let G be a finite group, u G G be a central element of order 
2 and V a finite- dimensional G -module such that u ■ v = —v for all v G V. 
There is an isomorphism of groups 

BrPic (Rep{A{V, u, G))) ~ 05 (V, u, G). 
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Proof. It follows from Theorem 18.71 that the application 

K(V,u,G) x ^BrPic(Rep(^l(y,n,G))), (W, P, a) h-> C {WA<*) M 

is well-defined. It follows from Theorem 17.121 that (W, P, a) ~ (W, P, a) 
if and only if the module categories c(W,i3,a)M, ctyvpa)-^ are equivalent- 
Hence we have a well-defined injective map 

&(V,u,G) ^BrPic(Rep(^(y,n,G)), (W, (3,a) ^ CW:Ct) M. 

Proposition 18.111 implies that this map is a group homomorphism. Let us 
prove that it is surjective. Let M. be an exact invertible Rep(A(V,u,G))- 
bimodule category. Then, by Theorem 17.101 there exists a data (W 1 © 
W 2 (BW 3 , P, F, if)) compatible with (V, V, u,u,G,G) and an equivalence M ~ 
lC(W 1 ,w 2 ,w 3 ,p,F,*p)-M- of bimodule categories. By Proposition [87T2] (1) and (2) 
W 1 = W 2 = 0. Also by Proposition EjH (3) there exists a G 0(G®G) such 
that (F, if)) = (U a ,ip a ), thus £(W\ W 2 , W 3 , P, F, ip) = C{W,P^a).^ 

Since M. is invertible there exists another compatible data (W, P, 5) such 
that 

(8-27) C(W,l3,a)M ^R C p(A(V,u,G)) C{W,P,a)^ 

is equivalent to £(diag(v),o, diag(G),i)-^- Fro™ Theorem 18. 131 we conclude that 
the tensor product category (|8.27p is equivalent to the category 

It follows from Theorem[7T2]that (W»W, /3«/3, aa) ~ ( diag(V), 0, diag(G), 1) 
and therefore (W, (3, a) G 53 (V, u, G). This finishes the proof of the Theo- 
rem. □ 



8.4. Another description of the Brauer-Picard group. In [9] the au- 
thors give a beautiful description of the group BrPic(Rep(kG)) for a finite 
Abelian group G. This group is isomorphic to the group of automorphism 
of G © G, here G is the group of characters of G, such that they preserve 
the quadratic form q : G © G — > k, q(g, f) = f(g). In this section we use the 
same ideas to give a more compact description of the group 23(V,u, G). 

Let (W, p, a) G 1Z(V, u, G). Set r(W, p) the subspace of V ®V* ®V ®V* 
defined by 

{(w 1 ,f 1 ,w 2 J 2 ) ■ (wi,w 2 ) G W, (/i,/a) G W*, P(w 1 ,w 2 ) = fi - f 2 }. 

Recall the definition of P given in (12. ip . If (W , P', a') is another element in 
1Z(V, u, G) we denote r(W, P) • t(W' , P') the set of elements (u>i, fi,w 2 , f 2 ) 
such that there exists a unique (v,g) G V © V* such that (u>i, /i, v, g) G 
t(W,P) and (v,g,w 2 ,f 2 ) er(W',P'). 



34 MOMBELLI 

Let Lag (V, it, G) be the set of pairs (r(W, /3), a) where (W, (3, a) is an in- 
vertible element in TZ(V, u, G). If (t(W, a), (t(W , /?'), a') G Lag (V, u, G) 
define 

(8.28) (r(W, /3), a) . (r(W, /3'), a') = (r(W, /?) • r(W, /?'),« o a'). 

Two elements (t(W, f3), a), (t(W' , (3'), a') in Lag (V, it, G) are equivalent if 
there exists (x, y) G G x G such that 

(t(W, /?'),«') = (t((x, y) • W, (x, y) • /?),«). 

We denote by Lag(V, it, G) the set of equivalence classes in Lag (V,u,G). 
The next lemma is an analogue result of p2 Prop. 10.3]. 

Lemma 8.15. The set Lag (V, it, G) is a group with operation defined by 
(|8.28p in each equivalence class and identity element the class of ({(v, f,v, f) : 
v G V,f G V*}, id ). The map t : 93 (V, it, G) -> Lag (V, it, G) i/tai sends i/ie 
c/ass of(W,/3,a) to the class of (t(W, /3),a) is a group isomorphism. 

Proof. The proof that Lag (V, u, G) is a group is straightforward. Let us take 
(W,P,a), (W>,f3',a')£K(V,u,G) and (w u fx, w 2 , f 2 ) G r(W, /?) •r(W' i 0'). 
Then there exists (v,g) £ V @ V* such that (w±, fi,v,g) € r(W, /3) and 
{v,g,W2,f 2 ) G t(W' } Hence 

j3(un,v) = fx- g, P'{v,w 2 )= g- f2, 
which implies that 

f^P'(wx,W2) = fl-h. 

Thus, (wx,fx,W2, f2) G r(W • W, /3 • f5') and we have an inclusion r(W, /3) • 
t(W', f3') C t(VF • W', /3 • /3'). The other inclusion is proven similarly. Thus 
r is well-defined and injective. By definition of Lag (V, u, G) the map r is 
surjective. □ 

The group G x G acts on the set of linear maps T : V © V* — > V © V* as 
follows. If (x, y) G G x G, (v, f) G F © V* define 

(8.29) ((x, y) • T)(v, f) = x" 1 -T(yv,y f). 
The action of G on y* is given by 

(x-f)(v) = f(x- 1 .v), 
for all x G G, / G I/*, v G V. 

Definition 8.16. Let 0(V,u, G) the set of pairs (T,a) where 

(i) a G 0(G © G) such that (it, it) G U a , 

(ii) T : V © — > V © V* is a linear isomorphism such that 

(8.30) (x, y) • T = T, for all (x, y) £ U a , 

(8.31) T 1 (0,/) = 0, r 2 (0,/)(T 1 (u,0)) = /(u) J for all / G V*, v G V. 
Here T(u,/) = {T l {v, /), T 2 (v, /)) for all / G V*,u G V. 
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Two elements (T, a) , (T', a') are equivalent if there exists (x,y) € G x G 
such that 

T' = (x- 1 ,y- 1 )-r, a = a'. 

The class of an element (T, a) G C(V, it, G) will be denoted by (T,a) and 
the set of equivalence classes will be denoted G(V,u,G). 

Remark 8.17. If (T,id) eO(V,u,G) then T G Aut G (V © V*). 

Lemma 8.18. T/ie sei C?(V, it, G) is a group with unit element (Id, id) and 
composition 

Jj\a) • (T' , a') = (ToT',aoa>), 

for all jT\a), (T', a') G 0(V, u, G). □ 

Theorem 8.19. There is an isomorphism of groups 2$(V, it, G) — 0(V, u, G). 

Proof. Let (T, a) be a representative of a class in 0(V, it, G). Define T 1 : 
F © V* ->• V,T 2 : V © V* ->• V* by T(u,/) = (T 1 (v,f),T 2 (v,f)) for any 
(v, /) G V © V*. Let W T the subspace of V © V defined as 

W T = {(T\v,f),v):v€V,f€V*}, 

and the bilinear form (3t ■ Wt x — > k defined by 

f3 T ((T\v 1 J 1 ),v 1 ),(T 1 (v 2 J 2 ),v 2 ))=T 2 (v ll f 1 )(T\v 2 J 2 ))-f 1 (v 2 ), 

for all («i,/i),(«2,/ 2 )€^©^*. 

Claim 8.5. (W T ,pT,a) €K(V,u,G). 

Proof of Claim. Let us prove that /3t is ?7 a -invariant. The other conditions 
can be easily verified. Let (g,h) G U a , (i>i, /i), (v 2 , f 2 ) G V © V* then 
/3 T (( 5 ,/i) • (T 1 ^!, /i), vi), (g, h) ■ (T l (v 2 , f 2 ),v 2 )) is equal to 

= f3 T ((g ■ T\ Vl , h),h- Vl ), (g ■ T\v 2 , / 2 ), h ■ v 2 )) 

= p T {(T l {h -v u h-h),h- vi), (T 1 (/i ■ «2, /t ■ / 2 ), /t • «2)) 

= T 2 (/i • Wl , /i • /i)^ 1 ^ ■ i; 2 , /t • / 2 )) -h-h{h- v 2 ) 

= T 2 (v ll f 1 )(T\v 2 J 2 ))-f 1 (v 2 ) 

= P T ((T\v 1 ,f 1 ),v 1 ),(T\v 2 ,f 2 ),v 2 )). 

The second and fourth equalities follows because (g, h) • T = T. □ 

We will establish an isomorphism a : 0(V, it, G) — > Lag (V, it, G) defined 

by 

*(T,a) = (T(W T ,pT),a), 

for all (T, a) G 0(V, u, G). This map does not depend on the representative 
class of (T, a). Let us prove that it is injective. Let (T, a) G 0(V, u, G) such 
that 

(t(W t , fa), a) = ({(v, f,v,f):v(=VJ(= V*}, id ). 
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Since ({(v, f,v, f) : v G V, f G V*} = r( diag(V), 0) there exists an element 
(x,y) £ G x G such that 

U a = diag(G), ^ Q = l, W r = {(s-u,i/-«):«€y}, = 0. 

This implies that T 1 (f , /) = xy -1 ■« for all (v, /) € y©V™ and since /3t = 
then T 2 (u, /) = xi/ -1 • /, thus T = (x, y)^ 1 • Id. Hence (T, a) = (Id, id ) and 
a is injective. Finally, let us prove that a is surjective. Let (t(W, f3),a) G 
Lag(V,«,G). If (wi,/i,w 2 ,/ 2 ),K,/{,-u;2,/2) Gt(W,/9) then (toi-^,0) G 
W which implies that w\ = w[. Also 

P{wi, w 2 ) = fi - h = f'l ~ fz, 

thus f'x = fx- In conclusion the pair (wi,fi) depends on (u>2,f2)i therefore 
there is a linear function T : V © V* — >■ V ® V* such that W = Wt- If the 
element (0, 0, v, f) G W then v = 0, / = 0, thus T must be injective and 
consequently bijective. It is not difficult to see that (3 = (3t- This finishes 
the proof that a is surjective and the proof of the Theorem. □ 

Example 8.20. Suppouse k = C. Let TL 2 be the cyclic group of order 2 
with generator u. Let V be a finite-dimensional vector space such that u 
acts as —1 on V. Set H = A(V)#kZ2- Assume dimV = 1, so H is the 
Sweedler's Hopf algebra. 

The group 0(Z 2 ©Z^) = {id ,7}, see exampleEU Note that f/ 7 = Z 2 ©Z 2 . 
Define 

O = {A G SL 2 (C) : A 12 = 0}. 

The Brauer-Picard group of Rep(-ff) is isomorphic to the group O x Z 2 . In 
particular for any £ G k the matrices 

G ° ) 

give a one parameter family invertible bimodule categories over Kep(H) of 
order 4. 
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